It is known that a uniform compressible flow supports three types of disturbances. One is entropy wave. These waves are made up of temperature and density fluctuations only. The other two are acoustic waves and vorticity waves. When entropy waves are convected into a nonuniform flow region, they are no longer independent waves. Their presence leads to pressure fluctuations, which result in noise radiation commonly referred to as indirect combustion noise. In the past, because entropy waves and acoustic waves are not independent waves in a nonuniform flow region, the mechanism responsible for the generation of indirect combustion noise had been attributed to mode coupling. That is, there is a coupling of entropy and acoustic modes. This leads to pressure fluctuations and hence noise radiation. The principal objective of the present investigation is to seek a more physical explanation of how indirect combustion noise is generated.
Introduction
Newly designed green engines are recognized to operate at high efficiency with low emission. To achieve these goals, the combustors are, invariably, constructed to function close to the fuel-lean limit. One immediate result is that the combustion process is highly unsteady producing a good deal of hot and cold spots or entropy waves. When these entropy waves pass through the constrictions of the engine ducting system such as a turbine stage or a nozzle they generate indirect combustion noise. In recent years, traditionally dominant noise components such as jet noise and fan noise have been substantially reduced by the introduction of high bypass ratio engines, by the use of geared fans, and by incorporating innovative fan blade design including sweep and lean technology and the use of advanced acoustics liners and other noise suppressors. This development causes a genuine concern in the aeroacoustics community that, with jet and fan noise sufficiently reduced, combustion noise, both direct and indirect, would become a dominant propulsive noise component. Thus, a better understanding of the generation mechanism of indirect combustion noise at a physical level is warranted.
Research on indirect combustion noise began in earnest in the early 1970s. Candel, 1 Morfey, 2 Marble and Candel, 3 Cumpsty, 4 Cumpsty and Marble, 5 Pickett, 6 and Sinai 7 were among the first investigators. Earlier, Chu and Kovasznay 8 had shown that a uniform compressible flow could support three types of independent small-amplitude disturbances. They referred to them as the acoustic waves, the vorticity waves, and the entropy waves. Entropy waves involve fluctuations of density and temperature only. Vorticity waves consist of fluctuations in velocity only while acoustic waves are made up of fluctuations of pressure, density, temperature, as well as velocity. Strictly speaking, vorticity and entropy waves do not possess the attributes of waves in the usual sense. They are disturbances convected downstream by the mean flow. However, because the terms ''vorticity waves'' and ''entropy waves'' have been in general use for a long time, we will continue to refer to them as waves. Early investigations concentrated on demonstrating theoretically that acoustic waves could be generated by the passage of entropy waves through a nozzle or a constriction in the flow. Notable advances in the theory of indirect combustion noise were made by Marble and Candel.
3 They considered primarily the nozzle flow problem. In order to obtain analytical results, they adopted a short-nozzle approximation. By using the short-nozzle approximation, they were able to calculate the pressure field downstream of the nozzle.
Experimental confirmation of the existence of indirect combustion noise was not accomplished for a long period of time. Perhaps because of the lack of experimental support, the study of indirect combustion noise lay dormant for many years. It took nearly 40 years before solid experimental evidence of indirect combustion noise became available. To demonstrate that sound can be generated by the passage of entropy waves or hot spots through a nozzle, a specially designed entropy wave generator (EWG) was built by Bake et al. 9, 10 By means of the EWG, Bake et al. were able to show experimentally that indirect combustion noise was, indeed, generated.
Since the experimental confirmation of the existence of indirect combustion noise, there is a renewed interest in the subject. Recently, a large number of papers on this subject was published, e.g. Leyko et al., [11] [12] [13] 18 Duran et al., 19 Mishra and Bodony, 20 Morgans et al. 21 Because high temperature is involved, experimental investigation of indirect combustion noise remains a significant challenge. With rapid advances in computational methods in recent years, there is growing interest in the use of numerical simulation to predict and to unravel the physics and generation mechanism of indirect combustion noise.
Although the existence of indirect combustion noise has now been confirmed in a laboratory experiment, from a practical standpoint one would like to know whether or not engines do emit such noise. Auxiliary power units (APUs) are simple engines with only a few sources of noise. This makes them ideal candidates for such an investigation even though the dominant noise component of APUs is direct combustion noise. In their study, Schuster and Mendoza 22 investigated such noise component from a Honeywell APU. In a slightly different effort, Tam et al. 23 performed computational analysis to determine the frequency ranges over which their Honeywell RE220 APU had a high probability of emitting indirect combustion noise. They then searched their measured in-duct and far-field noise spectra for unexpected peaks in the same frequency ranges. Good matches were found, providing indirect evidence that the APU most probably did radiate indirect combustion noise. Hultgren and Miles 24 and Miles 25 focused their studies on turbofan engines. They performed three microphone correlations to extract indications of the presence of combustion noise (both direct and indirect) from their engine noise data. Miles, 25 by studying the phase angle of the cross-spectrum between an engine internal sensor and a far-field microphone, demonstrated that indirect combustion noise was, indeed, present in the NASA/Honeywell EVNERT test campaign.
The primary objective of the present investigation is to determine through numerical simulations the physical processes by which indirect combustion noise is generated during the passage of entropy waves through a nonuniform flow region. In the past, it was recognized that entropy waves and acoustic waves were independent wave modes in a uniform compressible flow (see Figure 1 ), but in a nonuniform flow region, they are no longer independent modes. The modes are coupled together by the mean flow inhomogeneities. Thus, when entropy waves enter a nonuniform region, mode coupling takes place. This gives rise to pressure fluctuations, which leads to the emission of sound. From this point of view, mode coupling may be regarded as the mechanism for indirect combustion noise generation. However, in many flow fields, such as two-or three-dimensional flow past a turbine blade the concept of wave modes becomes somewhat obscure. It would be useful to find a more physical explanation of how indirect combustion noise is generated.
The rest of this paper is as follows. In ''An initial value problem of indirect combustion noise generation in ducted flows'' section, a computational model problem of the propagation of entropy waves in a nonuniform duct system is formulated. In order to be able to clearly identify where and how indirect combustion noise is generated, the problem of the propagation of a narrow entropy pulse through a convergent-divergent (C-D) nozzle is considered. In ''Numerical results and noise generation mechanism'' section, a numerical solution of the entropy pulse propagation problem is provided. For a narrow pulse, indirect combustion noise, if generated, has to be generated at where the pulse is. By observing the sound generated during the passage of an entropy pulse through a nozzle, we are able to identify the physical processes by which indirect combustion noise is produced. This is the principal contribution of this paper. The final section concludes this paper.
An initial value problem of indirect combustion noise generation in ducted flows
In this section, a fairly general model problem for indirect combustion noise generation in ducted flow is formulated. The objective is to use the solution of the problem to assist in identifying the physical noise generation processes. In order to accomplish this objective in a clear fashion, the problem with a single noise source is considered. In problems with multiple noise sources, the complexity of the sound field often makes it difficult to unravel the processes of noise generation. It is also recognized that for ducted flow with varying ducted area, it is unlikely that a solution of the problem can be found analytically. In other words, the problem has to be solved and studied computationally. For this reason, a finite domain problem is considered.
We will consider the problem as a quasi-one-dimensional initial value problem (see Figure 2 ). The governing equations are the equations of conservation of mass (continuity), momentum, and thermal energy equation. Dimensionless variables are used. We will use the flow variables in the uniform duct upstream of the nozzle or constriction (see Figure 2 
where AðxÞ is the cross-sectional area of the duct. The time-independent solution of equations (1) to (3) has been found analytically, e.g. see Tam et al. 23 Therefore, details of the solution will not be shown. We will denote the mean flow variables by an overbar, e.g.
. They are the mean flow velocity, pressure, and density, respectively. The governing equations for entropy waves and indirect combustion noise are the linearized equations corresponding to equations (1) to (3). They are
We consider an initial value problem of a narrow pulse of entropy blob with a half-width be convected downstream by the mean flow at a Mach number M u in the uniform duct upstream of the location X¼X u . The waveform of the pulse is taken to be
This pulse reaches x ¼ x u at a time shortly after the start of the computation (see Figure 2 ). Our interest is to study the passage of the entropy pulse through the nozzle region x u x x d . It is anticipated that when the pulse passes through the C-D part of the nozzle, sound waves are generated. Acoustic waves generated on the downstream side of the pulse will propagate downstream. For a subsonic nozzle, acoustic waves generated on the upstream side of the pulse will propagate upstream. This is illustrated in Figure 3 .
Since the computational domain is finite, to avoid reflection of outgoing acoustic waves back into the computational domain a perfectly matched layer 26 (PML) is installed upstream of x u in Figure 2 . Another PML is installed downstream of x d for the same reason. The PMLs serve to absorb all outgoing disturbances without reflection.
In this investigation, the governing equations (4) to (6) are discretized by the time-marching dispersion-relation-preserving (DRP) scheme. 27, 28 The 15-point and 7-point stencils are used for the subsonic and supersonic cases, respectively. A uniform mesh size is used. Artificial selective damping, 28, 29 with a damping curve of half-width ¼ 0:2, is added to the computation to eliminate any possible grid-to-grid oscillations inadvertently generated in the computation. These damping terms are also effective in suppressing the generation of spurious waves.
The inflow boundary conditions are implemented by using the split-variable method (see Chapter 9 of Tam 28 ). This method divides the variables in the inflow boundary region into two parts. One part is the incoming entropy waves given by equation (7). The waveform has the shape of a Gaussian function with a narrow half-width of three mesh spacings (b ¼ 3Áx). The other part is the outgoing acoustic waves. The outgoing waves are absorbed by the PML. For a subsonic nozzle, the linearized equations are solved. The computation starts at time t¼0. At this time, all the variables in the computational domain x u x x d are set to zero. The incoming entropy pulse given by equation (7) has not yet reached the left boundary point x¼x u . As time advances, the Gaussian pulse approaches the point x ¼ x u . The density fluctuation of the incoming pulse is picked up by the stencils of the boundary points lying within half the stencil width (three mesh spacings) of the boundary of the computational domain. In this way, the incoming entropy pulse emerges as a convected pulse at the left end of the computational domain. At this moment, the time is reset to t ¼ 0, and the timemarching computation continues on.
For a supersonic nozzle, the flow becomes supersonic in the divergent portion of the nozzle. In this case, the computation must be carried out in a different manner. This is because the flow Mach number is unity at the nozzle throat. A linear computation will encounter a singularity there. To avoid this problem, the full nonlinear equations (1) to (3) are solved by the DRP scheme in time, with the analytical mean flow solution of these equations used as the starting solution. Two computations are carried out: one for the mean flow solution only and the other for the full solution. The full solution comprises of the mean flow plus the incoming entropy pulse. The treatment of the upstream (left) boundary condition is the same as that for a subsonic nozzle, i.e. a PML in conjunction with the split-variable method. At the downstream (right) boundary, however, the flow is supersonic. So no special boundary treatment is needed. Since the linearized PML is used in the inflow boundary region, the amplitude of the incoming entropy wave is set to 10
À3
. This ensures the amplitudes of all the acoustic and entropy waves generated are small. Inside the computational domain, the mean flow and the small-amplitude disturbances are time marched computationally by the DRP scheme. The entropy pulse solution is found by subtracting the numerical mean flow solution from the full solution. We wish to report that we did not encounter any difficulty in determining the supersonic entropy pulse solution following this approach.
Numerical results and noise generation mechanism
In this section, results of the numerical solution of the initial value problem formulated in the previous section are reported. The Gaussian pulse problem is particularly useful in providing information that sheds light on the physical processes by which indirect combustion noise is generated. This problem has a single source so that there is no ambiguity as to where sound is generated. After the entropy pulse enters the convergent part of the nozzle, sound waves are produced. A part of the sound radiates downstream and a part radiates upstream (see Figure 3) . Two cases are considered. They are the subsonic nozzle flow and the supersonic nozzle flow. One significant difference between these two types of nozzles is that in a subsonic nozzle, the mean flow velocity increases in the convergent part of a C-D nozzle. But the velocity decreases in the divergent part of the nozzle. For a supersonic nozzle, the mean flow velocity increases throughout its passage through the entire nozzle. This difference turns out to have a profound effect on indirect combustion noise generation. Based on the results of the present study, a physical noise generation mechanism is proposed. It is then shown that the proposed mechanism can explain the difference in noise generation between a subsonic and a supersonic nozzle.
We will first consider a subsonic nozzle. For this purpose, the Honeywell APU RE220 equivalent nozzle is used (see Tam et al. 23 ). The nozzle geometry is shown in Figure 4 . For convenience, we will let the nozzle throat be located at x ¼ 0. The diameter, D(x), of the various parts of the nozzle system is The mean flow velocity, static pressure, Mach number, and nozzle cross-sectional area are shown in Figure 5 . It is easy to verify that the mean flow velocity increases toward the nozzle throat in the convergent part of the nozzle, but as soon as the flow passes through the throat, the mean flow velocity decreases until the downstream uniform flow region is reached. Figure 6 shows the locations of the entropy pulse (density) at six instances during its passage through the C-D nozzle. In each figure, the entropy wave pulse is represented by a dotted line, with corresponding density scale on the left border, and the distribution of the generated pressure wave is represented by a solid line, with corresponding pressure scale on the right border. At station 1, the pulse is in the upstream uniform duct, so the pressure is zero everywhere, since the waves are uncoupled. At station 2, the pulse has just entered the convergent part of the nozzle, and the pressure just ahead of the pulse drops to a negative value. This causes the entropy pulse to radiate a rarefaction wave into the downstream region so as to maintain pressure balance at the pulse. The half-width of the pulse increases slightly. At station 3, the entropy pulse approaches the nozzle throat. Here, the pressure just in front of the pulse becomes more negative. So a stronger rarefaction wave is radiated ahead. Here, the half-width of the pulse increases further. At station 4, the entropy pulse has passed through the nozzle throat into the divergent part of the nozzle. The pressure just ahead of the entropy pulse is now positive. Again, to maintain pressure balance, a compression wave is radiated ahead of the pulse. Now, the half-width of the pulse starts to contract. There is a switch from radiating rarefaction waves to compression waves when the entropy pulse crosses the nozzle throat. At station 5, the radiated sound pressure remains positive or it is still a compression wave. The half-width of the pulse contracts further. Finally, at station 6, the pulse reaches the downstream uniform region of the duct. As expected, there is no more sound radiation. Note: It is not easy to see that there is a small change in the pulse amplitude in Figure 6 . This is because the length of a subsonic nozzle (where there is change in area) is short. However, the change in the pulse width is not too difficult to observe. For a supersonic nozzle with a long divergent part, the changes in amplitude and half-width are large and obvious. This can be seen in Figure 10 .
Notice that the half-width of the entropy pulse expands and then contracts as the pulse is convected through the convergent and then the divergent part of the nozzle. This provides a clue on how sound is generated. Figure 7 illustrates the sound generation processes in the convergent part of the nozzle. In this part of the nozzle, the mean flow velocity increases toward the throat, i.e. @ " u @x 4 0 (see the first inset below the nozzle in Figure 7 ). Since the entropy wave pulse is convected downstream by the mean flow, this makes the front part of the pulse to move faster than the back part of the pulse. In turn, this difference in speed causes the pulse to expand in width as indicated in the second inset of Figure 7 . The mass of the pulse is constant, so the density in the front part of the pulse decreases. Now, the flow is isentropic because viscous dissipation and thermal conduction are neglected. It follows that a drop in density will lead to a drop in pressure (see the third inset of Figure 7 ). When the pressure in the front part of the pulse decreases, pressure balance between the pulse and the gas in front requires the emission of a rarefaction wave. To have mass conservation, a compression pulse is also emitted on the back part of the pulse, as can be seen in Figure 6 . Once the entropy pulse crosses over to the divergent part of the nozzle, the processes are reversed because @ " u @x is now negative. In this part of the nozzle, the width of the entropy pulse contracts because the front part of the pulse now moves slower than the back part of the pulse. As a result, the density in the front part of the pulse increases and a compression wave is emitted. This is shown in Figure 6 . To provide further support for the above proposed sound generation processes, the case of the pulse solution for a supersonic nozzle is also investigated. Unlike a subsonic nozzle, the mean flow velocity of a supersonic nozzle increases downstream over the entire length of the C-D nozzle. Figure 8 shows the geometry of the supersonic nozzle used in the numerical simulation. The corresponding mean flow quantities are shown in Figure 9 . Figure 10 shows the density and pressure distributions inside the nozzle at six stations. It is easily seen that the entropy pulse radiates rarefaction waves in the downstream direction all the way throughout its entire passage through the C-D nozzle. These sound generation processes are completely consistent with the sound generation mechanism proposed in Figure 7 .
In Figure 10 , beginning with station 4 and especially station 5, the pressure profile exhibits multiple peaks. The reason is that once the pulse crosses the nozzle throat, the mean flow is supersonic. It is to be noted that an entropy pulse generates sound waves part of which propagates upstream (see Figure 3) . But with a supersonic mean flow, the upstream propagating sound waves are swept downstream by the mean flow creating additional peaks. These sound waves move downstream at a slow speed. So they remain inside the nozzle (see the pressure profile at station 6) even after the entropy pulse has just left the nozzle. The perturbation pressure inside the nozzle will not return to zero until there is long enough elapse time for these slow moving sound waves to exit the nozzle completely.
Summary and conclusions
In this paper, the physical mechanism by which indirect combustion noise is generated is investigated. In the present investigation, numerical simulations are used to show the generation of sound induced by the passage of an entropy pulse through a C-D nozzle. It is observed in the numerical simulations that in the regions where the mean flow accelerates, the front part of an entropy pulse with positive density would emit a rarefaction wave in the downstream direction. On the other hand, at where the mean flow decelerates, a positive density entropy pulse would emit a compression wave in the downstream direction. It is believed the reason for the generation of acoustic waves as observed is because entropy waves are convected by the mean flow. At where the flow accelerates, the front part of the pulse moves faster than the rest of the pulse. This results in a decrease in gas density leading to a lowering of the pressure. The process is adiabatic. To maintain pressure balance, lowering the pressure at the front of a pulse will lead to the emission of a rarefaction pressure wave. A similar reasoning suggests that when entering a region where the mean flow decelerates, a positive density entropy wave pulse would emit a compression wave. So indirect combustion noise is generated whenever entropy waves are experiencing compression and rarefaction as they are convected by the mean flow. It is straightforward to see that the stronger the mean flow velocity gradient the more intense is the indirect combustion noise generated.
In an engine, hot spots or entropy waves from the combustor are, invariably, random and chaotic. Thus, indirect combustion noise problems are intrinsically stochastic. The phenomenon, being random and chaotic, presents a real challenge to both experimental and computational investigations. Such an investigation has not been carried out before. Nevertheless, the fundamental noise generation processes should remain the same. It is our belief that it would be useful and appropriate for future work on indirect combustion noise to focus attention on the relationship between the statistical properties of broadband entropy waves and those of the acoustic waves generated when the former are convected through a nonuniform duct or a turbine stage of an engine.
We submit this article for publication in this special issue of IJA to honor Dr Dennis McLaughlin. Dr McLaughlin and the senior author have been friends for a long time. The senior author has benefitted from the highly accurate and innovative experimental results of Dr McLaughlin in the past. This is especially true for his JFM paper (with Dr Troutt) on jet noise generated by spatially growing Kelvin-Helmholtz instabilities. Recently, Dr McLaughlin has started his well-deserved official retirement. This paper is dedicated to him for friendship and for his numerous contributions to aeroacoustics.
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